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1 N =1 multiplets and the general Lagrangian

Chiral multiplet The A/ = 1 chiral field ® is annihilated by the D, differential operator. There-

fore in terms of y = = + iAo, we can expand it as

O = ¢(y) + V200(y) + 00F (). (1.1)

F'is an auxiliary field and the only on-shell d.o.f.s are one complex scalar ¢ and one left-handed
Weyl fermion 1. We can certainly consider the conjugate version of ®, ®, which is annihilated by
the differential D,,.

Vector multiplet The vector field is embedded in a superfield V satisfying V = V1. It certainly

transforms under the gauge symmetry.

Before we fix the gauge, the field content is quite complicated, however, there is a special gauge
which can simplify the expression a lot. This is called the Wess-Zumino gauge, and under this gauge

fixing,
V = —00"GA, (x) + 060X (x) — 00O (x) + %«9950_1)(:5). (1.2)
A wuseful superfield is constructed from V' by performing D for several times.
W, = —%DDDQV, (1.3)
Wy = —}lDDDdV. (1.4)
The only one important fact we need is that
WoW, gy = —20iAT O\ — %FWFW - %F’“’FW, (1.5)

o i po
where Fl, = —5€u,0 7.

The Lagrangian density for a pure super gauge theory can thus be written as

1
L= -WW,

|
-We 1.
; + e, (1.6)
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Interaction and Lagrangian We can couple the chiral multiplet to some Abelian/non-Abelian

gauge field V. The invariant action is known as
/ 44937 VT, (1.7)

This term corresponds to the kinetic term of the chiral fields and we replaced the usual derivative
to a covariant derivative. There is also an interaction term among different chiral multiplets. It is

encoded in the superpotential W (®), and we have the following Lagrangian density,

/dQQW(@) + c.c. (1.8)

2 N =2 multiplets

The N = 2 vector multiplet is constituted from one N = 1 chiral multiplet and one A/ = 1 vector
multiplet. Note that the chiral multiplet can be generated by ()i, i.e. start from one highest
weight state |®), we obtain the Weyl fermions [Aq) = Qiq|®). Given that the highest weight
state is annihilated by @’s, further action of Q’s will only give derivatives of the highest-weight
scalar field ®. Q1Q2 |P) can be identified with the auxiliary field. Similarly, starting from a Weyl
fermion A, we act ()15 on it, obtaining o,z F},,. We can schematically write this transformation as

|Fuag) = Qs |Aa). Thus the NV = 2 vector multiplet can be summarized into the following diagram.

The chiral multiplet must be in the adjoint representation of the gauge group.

In the same spirit, for hypermultiplet, we combine two A/ = 1 chiral multiplets, (q,1,) and
(G a)-

@5
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These two N = 1 multiplets are respectively in the representation of the flavor symmetry group R

and its complex conjugate representation R



Example: moment map When we consider the hypermultiplets in the representation of SU(N),

we introduce the following notation,

(Qa) = ( (q{{ ) . (@) = ( _q;a ) . (2.1)

We can construct an adjoint quantity of the SU(N) group with two SU(2)g indices,

b
() = QU™ - -l 22)

One component of this matrix, say u!!', corresponds to the primary state in the shorten multiplet
B.

3 N =2 general action

The N = 2 Lagrangian can be obtained by pasting two A/ = 1 actions and imposing the SU(2)g
symmetry. The Lagrangian for the vector multiplet is given by

1T Im7
—— [ PotW W + —— /d49tr<I>Te[V"}¢) + c.c. (3.1)

8T AT
In fact, the convention of normalization used here is not convenient when we try to discuss the
deformation of the theory. We can go to the canonical normalization with the rescaling W — gW,

where ¢ is the gauge coupling, and we obtain

' Im
T A2 0t W, W + = /d49tr<I>Te[9V”]<I> + c.c. (3.2)

8T A
Now we see that we can add the exactly deformation FF or FF to deform the Lagrangian without
breaking the supersymmetry or any other symmetries. By redefining the vector field F' back to the
canonical normalization, we are able to shift the gauge coupling ¢ in other part of the action and

the 6 angle.

The matter part can be added when we prepare two N = 1 chiral multiplets, Q and Q. The

Lagrangian reads

/ 3Q1 eV Q + eV O + / HGDQ + c.c.) + / (00 + c.c.). (3.3)

Again we can see that the exactly marginal deformation we obtained before keeps working even after
we include matters. This fact leads to an important consequence: this exactly marginal deformation
for N' = 2 theories is also exactly marginal for N' = 4 theories. Let us have a further look at the

N = 4 Lagrangian.



N = 4 Lagrangian The only N' = 4 multiplet is a vector multiplet, which is consisted of an
N = 2 vector multiplet and an N' = 2 hypermultiplet (with its conjugate contained too), and its

Lagrangian is straightforward to be written down.

/ I I ) .
—;—T 20t W, W + % / d*gtrdtel 1o + % / d49(ZeV 7 4 ZeoV 71
I T

T
Im7

- / d20Z[®, Z) + cc.  (3.4)

7

Since the exactly marginal deformation FF and FF preserve the SU(4); symmetry, we know that
they are also the exactly marginal deformation of the N/ = 4 SYM. There is also a mass deformation

of the theory by adding a mass term

/d29(,uZZ+C.C.), (3.5)

and the resulting theory is called an N = 2* theory.

4 N =2 effective action

The above Lagrangian is obtain by requiring the theory to be renormalizable. However, for a

Wilson-type effective action, we do not need this condition and the most general action written in

terms of N = 2 superfields, ®pr—o(x, 01,01, 05, 0%) = () + b + 0" + - - + 02(01)202(62)2 D, as
S = /d4xd291d202tr]:(<1>/\/:2) + c.c. (4.1)

The N = 2 vector multiplet can be expressed with the A/ = 2 chiral superfield as
Dy=a(y,0) = ®(y, 61) + V20" Wa(y, 01) + (0")*G(y, 01), (42)

when we are considering an abelian effective gauge theory, the effective action can be integrated

with respect to 6, and we obtain

1 OF 0 F
_ 4, 1291 [ _— Y mya  F Y yxraayysb
S_/d xd%0 ( 5550~ 3pegr" Wa—i—c.c.>. (4.3)

F is called the prepotential and it is known that to realize the gauge theory, we have to set
G=—1[ L0,V

Matter can also couple to the theory with the usual matter Langrangian added.

5 Seiberg-Witten theory for SU(2) pure gauge theory and

with matter

The Seiberg-Witten theory is an algorithm to compute the prepotential of the effective theory in
the Coulomb branch of N/ = 2 super Yang-Mills theory.
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First, let us give a brief instruction on what a Coulomb branch and what a Higgs branch is.
In the original normalizable theory, we have the vacuum potential (variation with respect to the
auxiliary field D)

1 L
2 (22 4 (0"~ Q') uncotes = 0 (5.1
The Coulomb branch is where only the VEV of the scalar in ® is nonzero, and the Higgs branch
is where only the scalars in hypermultiplets are nonzero. We can also have all of them to be

non-vanishing, and that is generally called a mixed branch.

At a generic point of the Coulomb branch, the gauge group breaks down to U(1)’s. We introduce
a Riemann surface with branch cuts, whose coordinates are given by the vev of u; = rmtr(®?) for
1 =2,...,n, where n is the rank of the gauge group. The prepotential, which can be expressed as
a function of u'’s, is considered to be defined on this Riemann surface C. In the high energy limit,
we can compute the non-abelian gauge theory perturbatively. That is to say, we can easily obtain
the boundary condition for F with large |u| (high energy limit). In the effective theory, we have
the BPS bound

Z =n'a; + miay, + p; fi, (5.2)

where a; is the diagonal entries of the vev of the scalar field ® in the vector multiplet, at, := %,

and p; is the mass of hypermultiplets with flavor charge f;. We also know from the effective action

that the effective gauge coupling is given by

PF dal,

- 8ai(9aj a 8@1' . (53>

Tij

The Seiberg-Witten theory gives us the prescription to compute a and ap and by integrating

ap over a, we can easily obtain the expression of F.

The first known example is the pure SU(2) gauge theory, whose Riemann surface C is specified
by a torus form
2

A
A%z + — = z? — . (5.4)

Since it is an SU(2) theory, u = 3 (tr®?) ~ a?. We have four branch points of the Riemann surface,

respectively 0, oo and z+ = —555 + \/% — 1. The Riemann surface is two C connected by the
two branch cuts running from 0 to z_ and from oo to z,. It is topologically equivalent to a torus,
and we define two fundamental circles, one penetrating the branch cuts denoted as B-cycle, and
another denoted as A-cycle. The Seiberg-Witten prescription states that we can compute a and ap
with the Seiberg-Witten differential A = £dz,

1 1
_ 1 4 ~ 4 5.5
“Ton L T om (55)



We can check whether the monodromy of the perturbative theory agrees with that in the Seiberg-
Witten theory. When we break the gauge group from SU(2) to U(1)’s, we have

17 v

and the U(1) gauge coupling is related to the SU(2)’s by V() = 275V Thus from the SU(2)

perturbative calculation, we have
8 a

VW () = ——log

58yt (5.7)

where ... expresses only the non-perturbative effects, since N' = 2 theories are one-loop exact.

Apparently, even in the perturbative region, this function is not simple-valued, and we have a

~1 4
Moo=< . _1>, (5.8)

—2%log % 4 ... and by going around the infiniy as v ~ a® gains a phase 2,

monodromy around the infinity

note that ap =
a — ae™. In the Seiberg-Witten theory, around u ~ oo (i.e. u > A?), we have z ~ /u, ! and
2y ~ —(u/A?)*%. Since 2z, is very small, we can deform the contour to locate at |z| = 1 and we can
easily see that @ = y/u. We have to be careful when we try to compute ap with x ~ y/u, because it
only holds up to z ~ u and down to z ~ 1/u. We can only compute using the approximated value
of = along the line from 2z, to z,, and we obtain

2\/ﬂ ~dz  2/u u

= log —.
2mi J,, = T B2

(5.9)

ap =~

For a, we can deform the integral contour (refer to Figure 1) to, say, the unit circle |z| = 1 to obtain
u [1

a~ £ —dz = Vu. (5.10)
2w ) 2

These expressions for a and ap agree with the perturbative calculation results. The prepotential F

can be found by integrating ap over a to obtain

a®  2a? a
Fr~—— —log— 5.11
T i OgA’ ( )

in the perturbative region.
We note that there are two special points on the u-plane, with v = £2A2, where we have ap

vanish at these points. That means instead of massless quarks in the perturbative regime, we now

have massless monopoles (ap = 0) at such strong coupling points.

!Note that the branch cut is for function of z, so we have to restrict us to one branch of u. Fortunately, the
overall sign does not matter in the BPS bound.
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Figure 1: Two branch cuts and A, B-cycles together with the deformed A-cycle, A’-cycle.

Now let us turn to the matter case, Ny = 1. The curve is known as

2M(z — p)

z

+ A%z = 2% —u, (5.12)

where g is the mass of additional matter. Now we have three branch points on the z-plane, and
in the limit © — oo, we have two almost degenerate points at 2_1;2 = j:z'\%, and one around the
infinity, z = — 4. Again, in such a perturbative region, we have a ~ /u and
u [N Az 3a
ap ~ —2\/—_, — = ——loga. (5.13)
2m0 Japa %2 e
We note that in the last equation, we dropped out some subleading contribution with order a. In
general, we have the one-loop coupling running in the perturbative region

T(a) = —Mlog%, (5.14)

271

and we see that the curve we are considering reproduces this result for Ny = 1.

When we go to the case of Ny = 2, we can further put one more factor of the form (x — p) on

the numerator of 1/z.

(x — p)(x — o)

+4M%2 = 2 —u. (5.15)

It can be checked that this is indeed the Seiberg-Witten curve for Ny = 2, and in fact we can change

(x—p2)z
(2A)

the variable z — 2/ = to make the two factors of (z — ) in a more symmetric form,

2A(z — )

. + 2A(z — pg) = 2 — . (5.16)

Certainly, the Seiberg-Witten differential does not change its form.
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In the same way, for Ny = 3, we can write down the curve as

(x — p)(x — o)

+2A(x — p3)z = 2° — u, (5.17)

and in the case of Ny =4,

& <x_M1)Z(x_'u2) + o — ps)(x — pa)z = 2% — u, (5.18)

with two complex constants c; 2. Interesting things happen in this case, as we can see when we set

u to be very large, we can evaluate x to

u
~ I 5.19
* %+CQZ_17 ( )

and the location of branches points no longer depends on u, which leads to the conclusion that
ap x a, (5.20)

and we see that the gauge coupling 7 is not running.

6 Seiberg-Witten curve from brane construction

In arXiv:hep-th/9703166, Witten contructed a large class of 4d NV = 2 gauge theories in the D4-NS5
system of type ITA superstring and analyzed them in the M-theory.

The illustration is very simple. We have NS5-branes stretching along x%12345 and D4’s stretch-

ing along %1236 We set all NS5’s locating at 2782 = 0, but separated in the 6-th direction.

We know that under the dragging effect of D4-branes, 2% of NS5-branes takes the form
2° = klog |v] + const., (6.1)

where v = 2% + 2% and the D4 under consideration is now put at the origin of v-plane and k is
some constant related to the tension of branes. With only one D4 ending on the NS5 brane, we see
that 2® diverges at the the infinity of v-plane, to cancel this divergence, we need equal numbers of

D4’s on two sides, i.e.

N N
x6:k210g|v—ai] —k210g|v—bi|+const. (6.2)
i=1 i=1

From the convergence of action of the NS5-brane, we also have the constraint

i
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This configuration generally gives the A-type quiver gauge theories, where strings extended
cross the NS5 and ended on two neighboring D4’s give the hypermultiplet taking bifundamental
representation of the respective gauge group rising from two D4’s. The gauge coupling of the vector

multiplet on each D4 reads

« a—l(v>
= 6.4
20 x o4
where a denotes that the gauge coupling belongs to the brane between the (o — 1)-th and the a-th

NS5-brane. We clearly see a logarithmic divergence at small v and this can be interpreted as the

UV behavior of the one-loop correction of gauge couplings.

Witten further lifted this configuration up to the M-theory by adding one z'0-circle, and we
identify the complexified gauge coupling as

—iTa(V) = $4(V) — Sa—1(v), (6.5)

1
R

gauge coupling of the form

with s = + (2% + iz'%). Without considering the balance of force, we will have a running of the

—(2N, — N¢)Inwv, (6.6)

which is a well-known form of the beta function of 4d SYMs. We see that the brane construction

always gives gauge theories without gauge coupling running at the IR region of the string theory,
i.e. SCFTs.

Lifting up to M-theory, all these branes become Mb-branes. D4 is obtained by wrapping on the
M-theory circle S! in the 2'° direction. Therefore, the 4d theory we are considering is deduced from
the Mb5-brane on the manifold R x Y6.10. The self-dual tensor in the tensor multiplet of M5-brane

can be reduced as
T =FANAN+*F AxA, (6.7)

where A is harmonic one-form (dA = dx A = 0) on X. For a genus g surface 3, we will obtain ¢
different types of gauge fields and the low energy effective theory is believed to have gauge group
U(1)s.

Let us consider how to obtain the Seiberg-Witten curve from this brane construction. In the
language of M-theory, we use the coordinate ¢ = exp(—s) and we would like to describe the brane

"curve” on the t-v plane as
F(t,v) =0. (6.8)

The simplest set up is with two NSb-branes and £ D4-branes stretched between them. In the
classical picture, we expect that there are k roots of v by solving the above algebraic equation and

two roots of t. That is to say the curve takes the form

A()t* + B(v)t + C(v) = 0. (6.9)
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The zeroes of C'(v) can be identified as the positions of external D4-branes, as at these places we
always have one solution ¢ = 0, 2% — oo, which agrees with the near center behavior (6.2). Similarly,
the zeroes of A(v) correspond to where t — oo, i.e. 2% — —oo, the places of external D4’s attached
from the left-hand side.

Therefore, we reached the conclusion that for a pure SU(k) gauge theory, the curve has no zeroes
in A(v) and C(v) and thus reads

t? + Bv)t+1=0, (6.10)
or
2 B(v)?
==L (6.11)

after shift and rescaling of ¢ and v. The form of B(v) is
k
B(v) =v* + ) upk (6.12)
i=2

When ¢ is very large, we recover the asymptotic behavior of the bending effect ¢ oc v*, (6.2) and

also for small ¢, t oc vF.

Note that in the standard form of the SW curve, t corresponds to z and v is x. To add
hypermultiplets into the theory, we can either add D4-branes from the left-hand side or from the
right-hand side. This exactly claims that in the SW curve, we can either put the factor (z — m)
in front of z or above 1/z. We note that transferring all matters from left to right can be done by
a parity transformation, reversing the x°® direction, which corresponds to t — ¢! and is a familiar
transformation to us. However, pulling only part of the external branes to the other end cannot be
realized by coordinate transformation and thus can not be realized in the SL(2,Z) transformation.

This is a highly non-trivial symmetry of the system, while trivialized under the brane picture.
More generally for quiver gauge theories with n NS5-branes, the curve can be written down as

Ag(0)t" + A ()" 4+ A (v) = 0. (6.13)

Again, external D4’s correspond to zeroes in A, (v) and Ag(v) respectively. For SU(2) quiver gauge,

A;(v) = v? — v;, and we recover the general form of the SW curve claimed before,

[t = t)o* = tU, (), (6.14)

i

where U,_1 is a polynomial of degree n — 1.
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7 Curve for N =4 SYM

The curve for N' = 4 is vague, since we cannot directly read it off from the usual brane construction
lifted to M-theory, which definitely breaks the supersymmetry down to N/ = 2. One way to obtain
such a theory in the string theory is to consider N D3-branes in type IIB. The 4d theory living
on D3-branes is a U(N) SYM theory. The gauge coupling is determined by the tension of the D3-
rabnes. We can compactify two directions of the transverse space on a torus, and take T-duality
along on of the circles. The resulting theory is with N D4-branes on R'? x S!, i.e. the low energy
theory is an N' = 2 5d SYM compactified on S!. This setup resembles the brane construction for
general 4d N = 2 quiver gauge theories, which will be described in details in later sections, and
now we have no NS5-branes, that is to say, there is no ¢ in the curve (in Witten’s terminology).
Therefore, we expect the curve to take the form,

N

H(U —v;) =0. (7.1)

8 Derivation of Prepotential from Partition Function

The Seiberg-Witten curve is extracted out from the Nekrasov partition function by taking the limit

€1,2 — 0.

An important identity to be used in the derivation is given by

AO)A(er +e2) d? )
A)A(a) exp <6162 - log A(t)]  + O(e )) , (8.1)

t=0

The k-instanton partition function of 5d U(/N) gauge theory is given by

_l [€1+€2] k k % k N 1 k » -
a=i () f (Hw)HH[%_@H@_aamm] I

i#]

where
[z + e1][z + €3]
[z][x + €1 + €3]

S(z) =

One can replace [z] by z in the above expression to take the 4d limit. Note that

d? d? _ r—t 1

and by introducing the density




we have

Zyy ~ exp (—i) , (8.6)

€1€2

with the free energy given by
&= /dxdy —|— Z / dzp(z) (logla, — z][x — a,]) . (8.7)
In the partition function, we need to consider the weighted sum of all integer k, 2

Zuyny = Z A*NFZ, (8.8)

and the instanton counting parameter A can be absorbed into the free energy £, to define

EA—/d ay 2P —I—Z/dxp (log([aa_x/]\[f_%])) (8.9)

Let us introduce the following kernel function,

RO i (log ‘i—’ - §> , (8.10)

satisfying

K () = log(| '), KO () = — L (8.11)

T

Then we can rewrite £, in the 4d limit to

gt =~ [ ey @ ksl =) + 3 [ de (" @hale — a) + 9 (@)ka(an — ). (812)

It is natural to define a 5d version of the kernel function, k3¢, to lift the above expression to to 5d.
We further note that

dQ

@|x—a| =20(z — a), (8.13)

we can define

f) = o) = 5 Sole (5.14)

20f course, we “forgot” to consider the contribution from ([[ iﬁ;}) as it can be absorbed into the gauge coupling

q= A%V,

12



to rewrite
N

gl = — / dady " () " ()ka(o — ) + S bn(a — o). (8.15)

a,b=1

The above free energy only covers the non-perturbative part, but we also need to compensate
with the perturbative part. The perturbative part (involving the classical piece and the one-loop

factor) is described by the function,

1 R €1 + € 3 9 =1 e~ fine
€1,€ 7A = - 1 A - , 1
aea R ) 2( (74 152) +etontin) ) + 3 e gy 619

where R is the radius of S* on which the 5d theory is compactified, and it is usually absorbed into

€12, A and a,’s (when R does not appear explicitly, it is absorbed). The perturbative partition

function is given by

er 1-N2
70 ({aa}; R) = A5 exp ( 3 vea(aalR, A)) . (8.17)

a: root
For our purpose, we take the unrefined limit €; = —ey = h, and expand vy, _j as
Vn-n(@| B, A) = yg(x| R, AR, (8.18)
g=0

and we have

3 z? 1. R
Summing over all v, ., (a,|R, A) and taking the 4d limit (R — 0 7), it in fact reduces to
2 2
4d _ T ﬁ) _ 327
Wi =S og (T) - = (8.20)
and 72?_ can be determined from
d [ A5 [ et
(s A) = — / dt ¢! 8.21
761,62 (‘rJ ) dS (F(S) 0 (eelt _ 1)(661t _ 1) =0 ( )
For example, at the leading order of ¢, = —ey = A,
d /A [ d [ A°
dd _ dt t573 —tx - _ 2781’1 -9
o ds (F(s) /0 ¢ o0 ds I‘(s)m (s=2) a0
z? T 3,
where we used that
. I'(s=2) 1 . d (T(s—2) 3
lim————=—-, lm———= | =-=. 2
o0 D(s) 27 ss0ds ( T(s) 2 (8.23)

We note that 73¢ coincides with the kernel function kx(z), but contributes to the free energy with

an opposite sign, so at the end the full prepotential is described by

F=prrt e = [ dady @) kst = ) (8.24)
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9 Derivation of Seiberg-Witten Curve from Prepotential

We want to maximize the above prepotential to find the saddle point of the partition function, so
that the thermodynamic limit of the partition function is completely characterized by this critical

prepotential.

As the Coulomb branch parameters are fixed in the maximization process, we can introduce

Lagrange multipliers, &, &, ..., v to instead minimize
N
SA(f)=—F =4 tuta. (9.1)
a=1

There in fact exists a concave and piecewise-linear function, (), defined on x € [~ N, N], satis-

fying
3 b, = —%/Rdxa (f(2). (9.2)

and

o(x)=¢&, forze[-N+2(i—1),—N + 2i], (9.3)
o(~N) = —o(N) =~ Tt (9.4

Using this so-called surface tension function o(x), we can write down the variation equation of

Sa(f) over f'(x),

[ vty (1o 5| 1) 0 = (70 (95)
y#£T
By defining
X7l = [ty =) (1oe L5 = 1) 0. (9.6)
we see that at the saddle point f = f,,
(X fi](x) =&, for —N+2i—2< f(z) <—N + 2, (9.7)
& < [X[f](x) <&y, for fl(z)=—N + 2i, (9.8)

where ¢ runs from 0 to N and we set £y = &y = 0o. We can then define

o(x) = fi(x) + —[X L) (), (9.9)

iy’
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which is realized as a map from R to the boundary of the following region A,

(9.10)

as we can see that when f’(z) does not belong to {—N + 2i}¥,, o(z) is real.

The next step is to construct a map to the above region A from the upper-half plane with cuts
on the complex plane. Let us denote the conformal map as ®(z), and it is constructed by the

mathematicians to be

B(2) = %log (w(z)) + N, (9.11)
where w(z) satisfies
AN (w + %) = Py(2), (9.12)

for a polynomial Py(z) of the form

N
Py(2)* = 4AN = [](z = o )(z — af). (9.13)
i=1
We note that the map
N 1
glw): w— A" w4+ — |, (9.14)
w

known as the Zhukowski function maps the open disk |w| < 1 to the exterior of the interval
[—2AN 2AN] ie. C\[-2AN,2AN].The Zhukowski function maps the real axis to the real axis, so
the cut [—2AY 2AY] corresponds to |w| > 1 on the real axis. It is thus easy to see that on the
z-plane, ozj-t are mapped to the endpoints of the corresponding N cuts. We pair a; and «; together
so that Py(2)? —4A*N < 0 for a; < z < o (see Figure 2). When Py(2)? — 4A?Y < 0, it implies
that |g(w)| = |Pn(2)| < 2AY, and it coincides with one cut.

15



Pi(z) <0

afy r a 3
Pi(z) >0

Figure 2: A typical Zhukowski function g(w) = Py(z) with Pj(2) := Py(2)? —4A* = (z — a7 ) (2 —

af)(z — a3 )(z — af ) on the real axis. The cut is marked black on the real axis.
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Let us take for example 2 = a; + 0, then at the first order of §, we have

Pn(2)? — 4A*N ~0(a; — o)) H(a; —aj)(a; — oz;r), (9.15)
J#
Pn(z) ~ 2AN + Q/\LN(% —aj) H(a; — o )(a; — o), (9.16)

J#

and w can be solved to

2mit & - _ ot — Ve — ot :
w o~ e ™ — NI ((O% — )H(O‘i o ) (e —aj )) : (9.17)

1
for some integer ¢. Note taht when 6 > 0, terms in ()2 is negative, it is then easy to check that

the cuts are mapped to the real axis in A.

Let us analyze the property of periods on the curve (9.12). The Coulomb branch parameters a;

are fixed to coincide with the A-cycle

a; :j{ ds, (9.18)
A;

where
1 zdw
ds = i o (9.19)
Around the cuts in A, we actually have
o(x) = ®(x +10), (9.20)
and also for real-valued &;’s, the maximizer satisfies
fi(x) = Rep(z), (9.21)
Further note that @’ is real along the cuts (real axis), we have
?'(z) = ! Res&’(%)) (9.22)

miJp (x—z

and we can define a resolvent for any given function f(x) as

Rf(2) = 1/RL’M(”“") (9.23)

2 Joz—1x

to write down

'(z) = _% Rf.(2) = %28 - %dizlogw(z). (9.24)




The A-period can then be rewritten in the language of partition function as

1
a; = 2_7m zRfi(2)dz (9.25)
As for the B-period, since we have
p(a) = —~ (X (2), (9:20)
and [X fi](z) = & at z = o — 0, we can write
goss = = | " () da. (9:27)

i

On the interval (o, o), the function ¢(x) is pure imaginary, so integrating the above integral
by parts, we obtain

€t — & = —i / R / TS = 2m ]{ as. (9.28)
azr aZL B;

We remark that &1 — & is the dual parameter to a;;1 — a; in the prepotential. This shows how

the Seiberg-Witten theory is derived from the prepotential, and thus the partition function.

Adding matters Adding hypermultiplets in fundamental representation introduces a factor,

Ny

[1i¢: = myl, (9.29)

f=1

into the instanton integrand Zj, and the perturbative part is given by

N Ny
Z?Z:Ltd({mf}v R) =exp | — Z Z 761,62(aa - mf) . (930)
a=1 f:l

The free energy computed from the instanton partition function reads

SA—/d SACIC) +Z/d$p (log([a“ x/]\[x_a“]» fzf/dxp 1og[m_—Amf],

(9.31)
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where the instanton counting parameter is reparameterized to A2VE=Nsk,

et =~ [ sy @ ksl =) + 3 [ de (0" @kl = a0) + (ke — )

-3 [ @ @ate - my)
>/ f

=D kalaa—my)  (9.32)

The prepotential at the end is obtained as
Ny
F=— / dadyf”(x) " (y)ka(z —y) = > / dzf" (z)ka(z — my). (9.33)
f=1

Taking variation about f(z), we see that the maximizer f(x) = f..(x) can be obtained from
that of the pure gauge theory, f,(x) with a shift,

Ny

fo@) +> " 6(x —my) = fl(x). (9.34)

f=1

We can define a new variable w associated to f,,«. It can be worked out, for example, from

1 fr 2 d
—— | ——dz=——1 9.35
i Jgz—x T Tidz og w(2), (9:35)
to obtain
2 d " 1 f//
Z mx_qx -
w1 dz og 0(z /z—x i z—x Zmz—mf
_2d, +Z d, ) (9.36)
- midz ogw(z midz og(z = my), '
le.

w(z) = w(z) [J(z = my)2. (9.37)
f

AN- (w ALz =my )> — Pu(2). (9.38)



10 A Short Cut to Seiberg-Witten Curve

The above approach from the prepotential to the Seiberg-Witten curve is very systematic, rigorous
but mathematical and seems to be artificial. In fact there is a easier and more clear way to carry

out essentially the same analysis.

We introduce the resolvent
B 0o f//( .T)

0 2

R(z)

dz, (10.1)

for the profile function f(z), which is essentially the same as (9.23).

A well-known fact for the resolvent is that if f”(x) has a finite support [a_,a], then R(z) will

have a branch cut between [a_,a,]. As we know that
(@) = ") = 36w — a), (10.2)

and
k

p(x) = €169 Z Sz — o), (10.3)

i=1

before we take the thermodynamic limit, sitting on each pole of the contour integral,
Do) = o+ €1(i — 1) + €2(j — 1), (10.4)

where © = (i,j) € A, with ) _|\,| = k. Therefore in the computation of U(NV) theory, the resolvent

at the saddle point,
o0 "
R, (2) :/ f*—(gj)dx, (10.5)

e
is expected to have N branch cuts, which are denoted as C; = [ai_, ai].

Also due to the fact that f”(z) only has supports on C;’s, we obtain the following properties of
f"(x) by using the explicit form of p(x),

/c f(x)dx = -1, (10.6)
/c,- zf"(z)dx = —a, (10.7)

/ 22 f"(x)de = —a? + 2e162| Ny, (10.8)
C;

i

ki
/ l’gf//(l’)dx = —ﬂ? + 66162 Z¢j
= —Cl;-3 + 6€1€2Cll'|>\i‘ + 36162 Z €1 (()\5”))2 - )\gn)> + 36162 Z €9 <(>\f(m)>2 — )\:(m)>

= —Cl? + 6€1€2ai|>\i‘ — 36162(61 + 62)|>\2| + 36162 (€1||>\1H2 -+ €2||>\§||2) . (109)
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The branch cut of the resolvent can be seen in the following way: we split the resolvent into two

parts, and call them the regular and singular parts of the resolvent. On z € C;, we have

Ryeg(2) = el_i>%l+ % (R(z +i€) + R(z — i¢)), (10.10)
Rging(2) == elir(r)lL 2% (R(z 4 i€) — R(z —ie€)) . (10.11)

If we simply take R(z) = 22 or R(z) = log(z), then we can see that Ryeq(2) and Rgng(2) are nothing
but the real and imaginary part of R(z). It is then natural to analytically continue these functions

to the whole complex plane z € C.
We further define

RE(2) = Ryeg(2) i Raing(2). (10.12)

By construction, R,¢,(z, €) is a smooth function even along the branch cuts C;’s, while R;,, changes

its sign by crossing the branch cuts, i.e.

61_i>r(r)1+ Ryeg(z +16) = 61_i>r[1)q+ Ryey(z —i0), (10.13)
611}1& Rying(z +1i6) = — 5li>%l+ Rying(z — 19). (10.14)

For square-root branch cuts, R¥(z) respectively give the single-valued function R(z) defined on the

two-sheet Riemann surface connected with branch cuts C;’s.

We need to analyze the asymptotic behavior of the resolvent, which is determined by the saddle

point equation obtained by minimizing the prepotential with two Langrange multipliers,

h12 dady f" (y)ka(z —y —l—Zfa </ do o f"(x +aa>+2na(/ daf"(x) + ).(10.15)

The saddle point equation then reads

; dyf"(y)ka(z —y) + a6 +n; = 0, (10.16)

for x € C;. Taking derivative over x gives,

/dyf”(y) ((:E —y)log (x /_\ y) —(z— y)) = %257 (10.17)

/dyf”(y) log (CCAJ) — 0, (10.18)
/ dy f”(y)%_y —0. (10.19)

We have to be careful that all the integrals above are principle-value integral. From the last equation,
we conclude that for z € R\ U;C;,

Rueg o2) = lim 5 (Ru(e +i6) + R i0) = PV. [ dyfll)—— =0
= Rf(2) = —R_(2). (10.20)
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We also see that the asymptotic behavior of the resolvent function reads

lim R,(z)=0. (10.21)

Let us define the A-cycles as contours surrounding the supports C;’s, and denote the one around
C; as A;. We then have

j{ dzR,( / dx% L) 2mi | fl(z)dx = —2mi, (10.22)
“ Z — X Ca
7{ dz zR,(z) = 2m'/ zf!(x)de = —2mia,. (10.23)

The B- cycles B; are defined as the circles that surround the endpoints of two neighboring branch

cuts, o ' and ™. We can evaluate the integral of resolvent in B-cycles as follows,
a._+1 04-."_
j{ dzR,(z) = / Rf(2)dz + / R, (z)dz
B; O‘ZL ;g
Qg
. / R¥(2)dz =0, (10.24)
Oc+

%

fdzzR() 2/; 2R (2 dz—2/ da:/ szix
:_2/’dx/ 2 (o) log(e —a) 42 [ dfeloglz — )4 f2(0)

=2 d”“>KZ—@k%@—x»—4;“+2f_dx[maz—@1wf%>

7

= 2/00 da f!(z) (zlog(aj,, — ) + o) — 2 /00 dz f!(z) (zlog(a —z) +af).  (10.25)

— 00

For example,
oo h2 oo
/ dx f} (x) (I 1082(04;1 —z)+ ai_Jrl) = __§i+1 +/ d$f:(37)%_+1 IOg(O‘z‘_Jrl — )
- [ aei@an, - )tosh + 1)+ [ defl@a,

—0o0

2 [e’e]
— T+ [ deafi@)ogh+.  (1026)

[e.e]

where we used
/_00 daf!(z)log(x —y) = /_OO da f!(x)log(A). (10.27)

We thus find that the B-cycle is given by
7{ dz 2R, (2) = —h*(&41 — &). (10.28)
B;
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This reproduces the well-known result of Seiberg-Witten curve. Now let us try to derive the curve
it self from the resolvent. To do so, we need to construct some coordinate system on the curve. A

candidate is
/ R.(2)d?, (10.29)
0

but depending on the integral contour, there is an ambiguity, i.e. by going around any A-cycle for

n times, we see that

/R*(z')dz’—>/ R.(2)dZ" — 2min. (10.30)
0 0

This logarithmic behavior can be suppressed by taking its exponential,

ti(z) :=exp <—/ Rf(z’)dz') . (10.31)
0
It is then easy to see that the Seiberg-Witten one-form is given by
ME = 2RE(2)dz = zdlog(ts(2)), (10.32)

which is just the well-known expression. Once we could show that there are only square-root branch

cuts in the resolvent R(z), we can claim that
P(z) =t (z) +t_(2), (10.33)

is completely a well-defined and holomorphic function on C, and then it has to be a Laurent

polynomial of z. It is also easy to confirm that

ti(2)t_(2z) = exp <—/ (R () + R:(z'))dz') = exp (—2/ Ryeq *(z’)dz') =1. (10.34)
0 0
t+(z) then satisify the following quadratic equation,
2 —P()t+1=0, (10.35)
or
1
t+ ;= P(z2), (10.36)

which is nothing but the Seiberg-Witten curve. The only remaining thing to do is to show that

P(z) is indeed a polynomial of z.

In the limit of z — oo, we have

1 [ N
Ru(z) ~ / Fla)de = -2 (10.37)
Z J_o z
and thus
ti(z) = 2N, 2z — Foo, (10.38)

which indicates that P(z) is a polynomial of z of degree N (as we can further show that there is no

singularity in P(z)).
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Adding matter As discussed before, adding matter deforms the prepotential to

Ny
F=- / dady f" () f"(y)ka(z —y) + ) / Az f"(x)kp(x — my). (10.39)
f=1
The saddle-point equation is now modified to
2 1
s dy f"(y)ka(z —y) + = fz: ka(x —myg) +2&+1n, =0, (10.40)
—1
and
Y 1 T—y h?
Jar(#w -5 X 0w -mp ) (@-mroe (1) - w-n) = Fe 0an
!
/ dy <f”(y) - % > oty - mf)> log (‘T < y) =0,  (1042)
f
" 1 r
/dy (f (v) =3 2};5(1/ - mf)) 750 (10.43)
for z € C;.

Since adding matter does not change the pole structure of the instanton partition function, the
A-cycle and B-cycle integral of the resolvent does not change. However, one can further perform a

contour integral around z = my, (7)

ﬁf el (2) = /_Z dz j{nf deT(:iZ = fi(my). (10.44)

The regular part of the resolvent now satisfies

1 1 1
N — i — . ) " —1 =PV. d " = -3 9 10.4
ooy o(2) = lim 5 (Rl +i6) 4 Rulz —i0) = PV. [ dyfl() — = =5 3 = (1049
and thus
ti(2)t_(2z) = exp (—2/ Ryeq *(z')dz') = H(l — z/my). (10.46)
0
!

The Seiberg-Witten curve is then modified to
t* = P(2)t+ [[(1 = z/my) = 0. (10.47)

f
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uplift to 5d The computation in 5d is almost parallel. In 4d, the kernel function, ky(z) :=

(log lal _ —) was determined from
EY = L (10.48)
22
and in 5d, we need to solve
KD(z) = — L (10.49)
A (x s )

A candidate for K, (up to some integral constants) is
K(z) = —Liz(e™™). (10.50)

(How to relate to the 4d kernel function?)

The resolvent function is now defined as

R(z) = /OO &dx. (10.51)

7001—6 (z—=)

The saddle point equation is almost the same,

2

“2 /dyf”( )z —y) + 2& + i = 0. (10.52)

As we have seen in the 4d case that the constant A does not affect the final result (one may absorb

it into the integral variable z), we simply use K(z) to perform the computation. Then

2
[ wie e = Te (10.53)
/dyf”(y) log (1 —e %)) =0, (10.54)
e~ (z—y)

The calculations involving A-cycles remain to be the same,

//
]{ dzR,( / dx% dz f =2mi [ f/(z)dz = —2mi, (10.56)
a ca

]{ dz zR,(z) = 2m’/ xf](z)dx = —27ia,, (10.57)

1 1
= z =1. 10.
%dxl—ew ]éde ] (10.58)

The B-cycle integral also gives the same result.

as
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The asymptotic behavior with matter is modified to

Rouy 2) = lim 5 (Rulz+0) + Rule = i0) = PV. [ Ayt )iy = =5 2 1y
g (10 59)
An interesting phenomenon occurs that R,., .(2) behaves differently in the limit m; — fo00. Since
we have
/dzﬁ = log(e™ — ¢€%), (10.60)
then

1—e*—ms

ty(2)t_(2) = exp (_2 /0 Roey *(z')dz/> - 1;[ — (10.61)

The 5d SW curve . g
—e*
2 — Psg(z t+H1_€m = 0. (10.62)
When we take m; — oo, the corresponding hypermultiplet decouples, but when m; — —oo, an
additional factor e* is introduced into the equation. As the contribution of the Chern-Simons level
to the curve is also given by the form e"* at the same position, one may interpret the movement of

the mass of one hypermultiplet from oo to —oo as changing the Chern-Simons level by one.

10.1 Derivation from the explicit expression of partition function

When we perform the contour integral in the partition function explicitly, we obtain an expression

as a combination of the following factor,

o0

Nau(@) = [ (1= Qg w1ty (10.63)

ij=1
This factor is equivalent to the so-called Nekrasov factor up to the perturbative contribution Nyg(Q))
(and transpose of Young diagram). The key identity to analyze the thermodynamic behavior of the

partition function is

N,\M(e_T(a_b)> = exp E / dzdy fy (z — a|h)fl(y —b|lh)y(z —y) |, (10.64)

[e.9]

with the explicit form of v, (in 5d) known as

e 1 e~ TnT

(10.65)

ﬁ 1—e— rnh 1_67‘nh)'
n=1
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11 BCD-type Seiberg-Witten curves

11.1 Example: SO(4) theory

The prepotential of SO(2N + x) theory is easily computed to

1
F =5 [ dsdufiol@) fhohate — ) = (1= 3) [ defiofwiha(a), (1L.1)
where we shall define
k
pso(x) = e1ea Y (6(x — i) + 5(x + 61)), (11.2)
i=1
and
N
fso(x) = =2pso(x) + > _ (| — au| + |7 + aa]) , (11.3)
a=1

satisfying fso(z) = fso(—x) and pso(x) = pso(—x).
The prepotential can be identified as that of SU(2/N) with Coulomb branch parameters {+a,}

and with 4 — 2y massless hypermultiplets. Therefore we can write the algebraic curve as

2472)(

A2N+X72 <'LU +
w

) = Pyn(2), (11.4)

where Poy(z) is symmetric about z <+ —2z, and thus is a polynomial of 22.

For SO(4) theory, the curve is given by
A

A? <w+—) =2t Fu2? + . (11.5)
w

In the case of N = 2 and x = 0, i.e. SO(4) theory, it can be alternatively realized by two
independent SU(2) theories, SO(4)=SU(2)xSU(2).

Fsow = Fsvu@) + Fsv(2).- (11.6)

11.2 Example: SO(6) theory
In fact, one can redefine

fs0(x) = fiolz) +20(), (11.7)
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to rewrite

F= —% / dadyfso () fso(y)kalz —y) — / dz fso()ka(2)
:—g/mwﬂd@ﬂdwmu—w, (11.8)

where we used the even nature of fso(z) and kx(0) = 0. It looks very similar to the prepotential
of SU-type.

fgo(l’) = —2pgo(l‘) + (|I + Cl1| + |l’ + Cl2| + |l’ + Cl3|) + |.T| (119)

11.3 Example: Sp(1) theory

In the case of Sp(/N) theory, we instead define

N
fop(x) = =2pso(x) + Y (lz — ag| + |2 + aq|) + 2|z], (11.10)
a=1
and then the prepotential is given by
1
F =5 [ dadufiy (o) 85, 0)kalz ~ ) (1n.11)

We see that it is equivalent to a U(2N + 2) theory with Coulomb branch parameters specified to
{#£a;,+ay,...,+ay, 0,0}, however it is not completely correct to simply substitute the above values
into the U(2N + 2) Seiberg-Witten curve.

Note that the branch cuts will be symmetric about z — —z on the z-plane, and we first consider

a map r = p(z) with
z _

The branch cuts are folded to the real axis, belonging to the interval [~ 00), and the pure imaginary

axis is mapped to (—oo, 7]. To go to a region similar to A, we consider the following map,

F= Qiarccos (mHl]il(x _ BZ)) . (11.13)

T 2AN+1
Note that
cosh(z) = cos(ix), (11.14)
and we can analytically continue arccos to the whole complex plane by solving
20 = e e, (11.15)
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Figure 3: The cuts in Sp(N) theory (in this case is N = 1) after Zhukowski’s map. The pure

imaginary axis on the z-plane is mapped to the dashed line above.

to have
= %log (a + zm) . (11.16)
We see that when |a| < 1,
a+iv1— a2 (11.17)
is on the unit circle, and thus z is a pure real number. While for a < —1,

atva?—-1<0, (11.18)

and Re(x) = 7 is fixed. Combining the map ¢ and F, we can map the z-plane to a 9-plane, where

the cuts are all mapped to the intervals [%, "T"'l} on the real axis (see Figure 3).
With the Zhukowski map,
~ 1 PS (Z)
V=F(z)=Foyp(z) = 5 arccos (W) : (11.19)
and defining
w = > (11.20)
we obtained the Seiberg-Witten curve in the Sp-case,
N+1 1
A w+ — | = Psp(2), (11.21)
w
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where
N
Psy(2) = (22 + AB™ H (Z2+ A8~ —B). (11.22)

We further note that the endpoints of the branch cut interval, in particular for the first cut 87,
should satisfy

N
B8 = ) = £(—1)V2ANT, (11.23)
=1
and therefore,
N
Pop(z) = 22 [ [(2* = af) + 2(=1)V AP, (11.24)
=1

for some parameters a;’s.

11.4 Sp(N) theories in 5d

There are four integrals for the instanton partition function of Sp(N) gauge theories in 5d. De-
pending on the number of instantons k = 2¢ + x for £ € N and x = 0,1, the O" (k) piece of the

partition function is given by the integrand,

ke (S r el 2e]
Fueo = ([er][e2])x (H [+a, + €] H [£or + 1] [£pr + 62])

=1

! 1

" 11:[1 [£261 + e1][+2¢1 + €] [T,-y [£61 + da + €3]
<11 (1 £ ¢y][£dr + 5 + 264 ]

oy [£¢r £ ¢y + €1][£dr + ¢y + €3]
while for the O~ (k) piece, when k =20+ 1,

- 2¢,] ﬁ ch(Zeér)ch(£d; + 2¢.) 1
ch

vee ~ ([ed][e2) T 1 ch(26r + e)ch(For + ) [T [Fér + aq + €] 5 ch(Faq +e)

¢
(o1 = ¢y][E1 £ ¢ + €]
X H [£2¢1 + €] :|:2§Z51—|—(—:2] H [:|:¢I:|:¢J+El][:|:¢[:t¢J—|—62]7

(11.25)

(11.26)

and when £k = 2/,

[2¢,]"Lch(2e.) T [£207)[£207 + 4ey]

[e1]/[ea)(2€1])[2€2) TTomy (200 + 264] 17 (267 + 261][£2¢1 + 265] [[o- [£6r + a4 + €]

/-1 1 H [ [i¢1i¢J][i¢[i¢J+2€+]

. 11;[1 [£2¢1 + @] [£2¢1 + €] - [£¢r £ ¢y + 261][£¢r £ ¢y + 2€2]

vec

(11.27)
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Taking the classical limit, we obtain

et — /dxdy% T /d;p2p50(m) log [QA—x] + ;/dxpso(x) log [z ;aa}

+€162X/d$pso(x). (11.28)

go_dd = /dxdy% + /depSO(aj) log % + az:; / dxpso(x) log [ZB izﬂa]
Feres /dxﬁi(():gg (11.29)
and
Eoven = /dwdy% + /depSO(:E) log [QA—ZE] + ;/dxpso(:p) log @ Zjl\:;la]

+4€162/d$p50(x). (11.30)

The instanton counting parameter is scaled as q = AN *4. Tt seems (?) that only &£, contributes

in the classical limit.
Before we analyze the saddle-point equation, let us first work on the contribution from the
perturbative part. Recall that the perturbative contribution is governed by the function,

ZL’S 2

() = 15 = —10g(RA) - ﬁLl s(e” ), (11.31)
and we note that it satisfies
d* R? R?
4 (2) = — _ 11.32
dat (@) 4 sinh*(Rx/2) [Rz] ( )

we can identify vo(x) as o (Rz) (note that before we worked at R = 1).

Since the perturbative part in general is given by

77" ({aq}; R) o< exp ( > Yoo (ol R, A)) (11.33)
«: To0t

indeed we can use the profile function

Fsp(x) = =pso(@) + Y (J& — aa| + o + aq]) + 2]z, (11.34)

a=1
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instead of pgsp to describe the prepotential simply as

Fsp = / dzdy fs,(2) f5,(y)Kalz — y), (11.35)

and the perturbative contribution just gives the remaining terms needed for completing the square.

The saddle-point equation is given by

732 dady f5,(y)Ca(x —y —i—Zfa(/adxxf :I:aa) Zna(/ dxfgp(x)—I—Q)

+(contributions from origin) = 0,

(11.36)

where one may set ag = 0 to include the additional contributions from four additional

11.5 quiver gauge theory

Now we consider quiver gauge theories with gauge nodes V;’s connected by bifundamental hyper-
multiplets, which can be graphically represented by edges e;—.;. The prepotential is thus given
by

Z/dxdyf” [ (y)Kalx —y Z /dxf” VA ( x—mf)

Visfi=
£y / dady £ () f1()Ka (& — y + me). (11.37)

The saddle-point equation with constraints is thus given by

N
;2 dyf'(y )’CA($—y)+%Z/CA($ )+g;§ ) 4
f=1
+Z/dyf” )ICA(x_y—i-me)—l—Z/dyf” Y)a(y — x4+ m.) = 0. (11.38)

Taking three-times of derivatives over x, we obtain

., 1 : —(z—y) " e~ (@—y+me)
/ dy (fi (v) - 526@—@’)) D / )Ty
f

€i—j
L erim)
-3 /dyfj W)y =0 (11.39)
€5 —i
From this, we obtain
tgzj) (z)t(—l) (Z matter H treg Z+ Me H treg (114())
€i—j €j—i
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12 Gaiotto form of the curve and Alday-Gaiotto-Tachikawa
duality

Let us start with the Seiberg-Witten curve for SU(2) Ny = 4 described in previous section,

¢ (z — p)(x — o)

. + o — ps) (w0 — pa)z = 2* — u. (12.1)

When all matter is massless, by appropriately rescaling z and u, we reach the following form of the
curve introduced by Witten in arXiv:hep-th/9703166.

(z— 1) (2 — 21)2* = uz, (12.2)
together with the Seiberg-Witten differential A = x%.
The Gaiotto form is obtained by further rescale  — (1/z)z and the curve now takes the form
2 u

v 2(z—=1)(z—21) (123)

with Seiberg-Witten differential A = xdz. There are four singualrity, which will be identified to the

punctures in class S theories, at 0, 1, z; and co. We can make use of an SL(2,Z) transformation,

az'+b
cz'+d

z= and z = (cz + d)%2/, to put these poles in a more symmetrical way

9 U

x H?:l(z ) (12.4)

where in terms of SL(2,Z), 2y = —b/a, zo = (d —b)/(a — ¢), z3 = (dz; — b)/(a — ¢z1), 24 = —d/c
and 4 = u/(ac(a — ¢)(a — cz1)), without changing the Seiberg-Witten differential. This system has
an SL(2,7) symmetry and let us see how it acts on physical quantities of the gauge theory. We go
back to the more traditional form of the SW curve (12.3), and to exchange the singularities at 1
and 0, we transform (z,2) — (1 — z, x), under this transformation, z; goes to 1 — z; and v — —u.
Since it interchanges the branch point 0 and 1, we expect the contour of a and ap also interchanges.
With the transformation A — —\, we have a — —ap and ap — a, together with 7 = L — —%.
Another simple transformation we can have is (z,z) — (1/z, —z2z). This interchanges 0 and oo,
and put z; into 1/z;. Considering the contour in details, we find another independent SL(2,7Z)

transformation, 7 — 5. We see that these SL(2,Z) dualities acting on z-coordinates, in fact

generates the SL(2,7Z) transformation on 7, i.e. the S-dualities.
More generally, Witten in arXiv:hep-th/9703166 gave the expression of SW-curves for quiver
gauge theories with gauge group SU(2).

n

[z = 2)2® = Una(2)2, (12.5)

a=0

3We will see the minus sign coming out if we carefully trace how the contour is described in the transformed

z-plane.
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where the quiver gauge theory has n SU(2) gauge fields and U,,_1(z) is a polynomial of z with degree

n— 1.

Let us go to the massive case. The curve now reads

(2 = 1)(2 = 21)a® = ((pa + p3)2* + (11 + pa)21)x + (p3praz” + papozr) = uz. (12.6)

Let us check the transformation z — 1/z for the curve. We clearly see that accompanied with the
transformation (u1, o) <> (us, pg) and z; — 1/z;, without changing x. This duality is inherited
even in the less-matter case, when we put several mass parameters into infinity. For example in the

pure gauge theory, we have

Az +1/2) = 2% — u, (12.7)
and it is clearly invariant under z <+ 1/z. It is not clear how other SL(2,Z) transformations should
be interpreted in the less-matter case.

Let us go back to the massive Ny = 4 case. The general case is

! 2 2,4
T D—n) (Ga + 1) + (i + o)z & Qs — a2+ ) (12.8)

where the convention for the Seiberg-Witten differential is A = xdz. In the generic case, i.e. not all
masses are zero, we have four poles at z = 0,1, z;, 00. For example, taking the 4+ branch, we can

evaluate the integral fpole A as

2ziv/fi s, (pin + po+ ps + pa), (s + ps)zy + (o + pe)zn,  pis + pa + |ps — pal. (12.9)

Let us denote these residues as m;__4.

It was noticed that since the 4d N' = 2 SU(2) Ny = 4 SCFT can be constructed from the 6d
(2,0) SCFT by compactifying on the punctured sphere with 4 full punctures, and at the same time
its partition function can be expressed as the four point function of a CFT on the sphere. Then it
is natural to find a justification for this phenomenon.

Note that in the SU(2) N; = 4 case, we have double poles around singularities in ¢y := 2

(in
the convention of A = xzdz. We would like to identify them as the action of the 2d stress tensor

around the punctures on the sphere. Then we see that

2
my
x2}p0le = <T<Z)>|puncture ~ m —+ ... s

(12.10)

This is the typical behavior of a highest weight state with conformal dimension h; = m? sitting
at the puncture. From this observation, Gaiotto conculded that it was truly four vertex operators

inserted in the sphere the situation that characterizes the 4d gauge theory, SU(2) Ny = 4.
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In analogy with this prescription, we can consider the pure SU(2) gauge theory, whose SW curve

in the same convention reads,

A2 u o A?
bo= gt

12.11
5t (12.11)

~
This quantity should be mapped to the VEV of T'(z) = >~ L,z~" % and the most natural scenario

is to have a vector |G) satisfying
L |G) = A*|G). (12.12)

The vector |G) is usually called a Gaiotto state and a lot of studies showed that the inner product

of two Gaiotto states agrees exactly with the Nekrasov’s instanton partition function.

This can be explained in the original AGT relation. By colliding two operators on the Riemann
surface together, we obtained one degenerate operator (G. The partition function is now expressed

Z — /d& (Gla)(a|G). (12.13)

However, the naive decoupling limit m — 0 kills the weight of the integration, i.e. we are integrating
zero over an infinite parameter region. We need to properly define the limitation. On the other

hand, however, we can take out just one piece of the integrand, with proper normalization, (7)

<G‘ Cl> <CL ‘G> = Zinstanton- (1214)

13 Quantum Seiberg-Witten Curve and Resurgent Quan-

tum Mechanics
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